The top decay, t → c Υ, is studied with taking into account the colorsinglet and color-octet matrix elements of the bb quarknioum that are found to be comparable. The analysis for such contributions at the same level as the standard W −boson is given in a general framework. As particular examples of them, the standard model and the minimal supersymmetric standard model with conserved and violated R−parity are employed. It is found that within the standard model the rate is near the border of the reachable level of the next round of experiments, and is much larger than a class of the rare top decays. New contributions in these particular models beyond the standard model could enhance the rate up to few orders. It is also pointed out a possibility to establish a precise measurement of the charged Higgs mass without tan β dependency in this decay.
Introduction
After the discovery of the top quark and the determination of its mass [1] , more valuable information should be expected from some classes of both tree-level and rare top decays. Up to now, the top rare decays have been investigated by several authors in the standard (SM) [2, 3] and beyond the standard models, like 2-Higgs doublet model (2HDM) [2, 4] and some variants of supersymmetric (SUSY) models, e.g. [5] . In the SM, the branching ratio is largely suppressed by the GIM mechanism, e.g. B(t → H) < 10 −13 as pointed out in [3] . Further, the class of these rare top decays are expected to be enhanced significantly by some contributions in new physics beyond the SM. However, they are still anticipated to be small and only in few cases it is expected to be measureable at future top factories like the upgraded Tevatron and LHC [6] . Then, the decay t → c Υ is proposed and claimed to have much larger rate that makes it accessible in these experiments [7] . However, these results were based on the singlet matrix element modeled calculation and a rough numerical prediction for the size of matrix element, i.e. f Υ ≈ O(m Υ ), that leads to an over-estimated rate, that is X (t → c Υ) ∼ O(10 −7 ). In this paper, we reinvestigate the top decay t → c Υ with taking into account both color singlet and octet matrix elements of Υ. By combining the information from the experimental data [9] for the color singlet and the NRQCD calculation for the color octet matrix elements [10, 11] , we provide a comprehensive theoretical prediction for the decay. The result makes the rate to be about two order smaller than previous prediction. The importance of including both of matrix elements in the present decays is motivated by the fact that even the color octet matrix element is generally more than one order of magnitude smaller than the color singlet one, there is a multiplication factor of ∼ O(10 2 ) at the decay-width level. Throughout the paper, the contributions which could generate the vector meson Υ at the same level with the standard W −boson mediated diagram are discussed in a general way. Then particular examples of models beyond the SM are investigated. We state the main motivations for considering the decay mode, 1. Comparing with the meson decays, the top decays are much cleaner from the theoretical uncertainties (e.g. the effects due to long-distance [7] and nonperturbative contributions) because of its large mass scale that makes the top quark to be decayed before hadronization.
2. The decay occurs at tree-level boson mediated diagram, that makes the size to be larger than the rare top decays mentioned above, such that experimentally it should be much more accessible. Furthermore, the physics is much richer than the lowest order process t → b W .
3. Theoretically, the quarknioum can be treated in relatively good precision using the experimental data and the present knowledge of the NRQCD factorization scheme [10] .
4. From the experimental point of view, the heavy quarknioum gives clean signatures through its leptonic decays into ℓ + ℓ − , which make it available to be measured precisely in the future top factories. This paper is organised as follows. In section 2 we revisit and update the calculation for the decay t → c Υ in a general framework. The results are applied to several models, the SM, the minimal SUSY standard model (MSSM) with (and without) R−parity (MSSM±R p ) in section 3. Numerical analysis are presented in section 4. We give conclusion in section 5.
Theory of t → c Υ decay
In this section, we consider a general framework for the decay t → c Υ. Writing the expressions as general as possible, the decay t → c Υ is governed by the following amplitude,
where X stands for the exchanged boson in the tree-level diagram. It is normalized with the standard W −boson couplings for later convenience. In the top centermass system and keeping all masses, the final expression for F X which denotes the X −boson propagator contribution is given as F X = F (1,m c ,m Υ ,m X ,Γ X ) with
This expression is obtained after doing the integration over the phase space region with keeping the finite decay-width and using the relations E Υ = 2E b and m Υ = 2m b under the approximation that b andb are produced almost on-shell with nearly parallel momenta. This approximation is also consistent with the NRQCD approach to calculate the bottomonium discussed in the next section. Here, a caret means normalization with the top mass, m t . Thus,m W = m W /m t , etc. The four-quark operators in Eq. (1) are
where
denotes the couplings of the left-(right-)handed fermion interactions in each operator. More generally, the quarknioum could also be generated directly from a neutral current interaction that leads to an additional independent operator like
are the couplings of the left-(right-)handed fermion interactions respectively. However, this color-allowed contribution is kinematically not favored to produce Υ through its bb decay. Hence, let us concentrate only on the color-suppressed contribution, i.e. Eqs. (3) and (4) . This class of contributions is realized, for example, in all variants of 2HDM or SUSY models with (without) R−parity through charged Higgs (and sfermions) mediated diagrams. Note that we neglect a direct quarknioum production from the gluon penguin diagram, namely gluon fragmentation, since the size should be suppressed doubly by the GIM mechanism [2] and the smallnes of color octet matrix element [12] . Now a brief comment on the so-called localization condition is in order. In order to make the operators in the effective hamiltonian in Eq. (1) to be localized enough so that OPE works well, one should impose
namely the localization condition. This relation is displayed in Fig. 1 . Since the requirement of smallnes could be relative, one can more require the size to be same or smaller than the propagator in the analogue B−decays, that is m W −2 . This leads to an additional bounds for the boson mass as follows,
Therefore, one can conclude in this stage that such light bosons as the standard W −boson could contribute to the decay. However, since |F X |/m 2 t ∼ O(10 −3 ) for the whole region of m X with Γ X > Γ W /2, the localization condition should not be broken even for m X near threshold.
After doing Fierz transformation, the operator O
where N c denotes the number of quark color and
O X − is known as the non-factorizable effect of the color-octet current, where λ a denotes the SU(3) Gell-Mann matrices. Therefore,
The coefficient in the first term is the usual color suppression factor c sf ≡ C − +C + /N c . In the leading-order (LO) QCD calculations, the Wilson coefficients C ± are obtained as
from the RGE with the initial condition (
is the first coefficient of the β function [13] and n f denotes the number of active flavours. However, since the typical electroweak and the renormalization scales in the top decays are at the same order, one can put η ≈ 1 as a good approximation. Thus the Wilson coefficients become
and leads the color singlet matrix element to be suppressed by c sf ≈ 1/N c in the amplitude level. In other words, this result means the short-distance corrections arising from the hard gluon exchanges are tiny, while the effects of soft gluons (with virtualities below the scale µ) are almost nothing because the top quark decays before hadronization. This trivial fact explicitely confirms the first motivation mentioned in the introduction. Finally, the amplitude in Eq. (1) reads
where T 1 (T a 8 ) denotes the color-singlet (color-octet) hadron matrix element
Here, α and β denote the color-triplet indices, whereas Υ j formally denotes the color-singlet and color-octet components of Υ states in the Fock space, which we discuss in the following.
Within the NRQCD framework, the factorization of observables can be expanded in the small parameter v 2 (∼ 0.1), where v is the average velocity of the b andb in the bottomonium bound state. Then, in Coulomb gauge the wavefunction of an S−wave Υ can be schematically described in terms of Fock states like [10] 
where the spectroscopic notation inside the square brackets indicates the angular momentum quantum numbers of the bb pairs within the various Fock components, whereas (1) or (8) superscripts labels the color configurations. According to this expansion, all higher-order octet Fock states may evolve to quarknioum with soft gluon(s) emission or absorption non-perturbatively. Though numerically these color octet Fock states contributions would be suppressed by v 4 than the leading singlet one, they may play an important role in some cases, like in the present process. This point will be shown immediately in the next section. Further, the hadron matrix element for creating a vector meson Υ from the vacuum via the vector current, Eqs. (12) and (13), can be parametrized as b , its meaning would be more clear at the amplitude-squared level, where it is related to the vacuum matrix elements of the local 4-fermi operators in NRQCD as shown below.
The color-singlet part can be determined well by using the known experimental data on the decay Υ → ℓ + ℓ − . Including the LO QCD corrections, the decay-width is 
Here, the uncertainty is coming from Γ exp. (Υ → ℓ + ℓ − ), while the uncertainties on m ℓ and m Υ are negligible.
In contrast, the color-octet part is more complicated and contains relatively large uncertainty. We can make a correlation of the so-called decay constants defined in Eq. (16) with the NRQCD matrix elements which are phenomenologically determined from experiments [11] . In this approach, f 
1 ]
where 0 O Υ [X (8) ] 0 denotes the non-perturbative color-octet matrix elements defined in [10] . The numbers are based on the numerical results given in [11] , i.e.
0 ] 0 /5 = (7.9 ± 10.0) × 10 −3 (GeV) 3 , (21) as well as using the relations induced by the heavy-quark spin symmetry,
Because of insufficient experimental information on the bottomonia, the matrix element in Eq. (20) is determined from the CDF Υ data after having scaled up the CDF J/ψ data from the corresponding J/ψ matrix element, 0
1 ] 0 , using NRQCD power counting rules. While the linear combination in Eq. (21) is obtained directly from the bottomonia cross section data [11] . Note that the errors are statistical and do not include the systematic uncertainties in the b−mass, parton distribution functions, higher order QCD corrections and so on.
t → c Υ in the SM and physics beyond it
Now we are ready to make a quantitative analysis. For the branching ratio B(t → c Υ), it is better to express it in term of the charge current mediated dominant decay mode B(t → b W ),
to eliminate some uncertainties in the overall factor. However, for numerical analysis throughout the paper we put B(t → b W ) ≈ 1, assuming that the top decays are dominated by the mode t → b W . The decay width for t → b W is given as follows [14] 
The one-loop electroweak radiative corrections, that provide an accuracy better than 2%, are neglected here. Using Eq. (11) and summing-up all color-octet contributions, the decay-width of t → c Υ is calculated as
where we have used additionally Eq. (10), ∆ j contains all contributions from the X −boson mediated tree-diagrams, and explicitely they are given as
and the auxiliary functions F ′ j are
Eq. (27) proves the importance of taking into account the color-octet mechanism, since comparing with the color-singlet one it will be enhanced by a factor of 8N
. Next, the function ∆ j will be calculated in some particular models.
SM
Within the SM, the decay is generated in the W −boson mediated diagram through the interactions,
with V ij denotes the CKM matrix element. Then, the function ∆ defined in the previous section is given as
since
Now, we are going to discuss new contributions in some particular models beyond the SM that realize each class defined above. Furthermore, since in the following models they should be the additional contributions to the SM-like W −boson, i.e. ∆ W SM j , for further convenience let us define
to extract the deviation due to new physics. Here,
In this expression, δG ± contains all X −boson in the models except for X = W SM . Now the task is translated to calculate δ j in several models beyond the SM.
MSSM±R p
For the MSSM+R p [15] , the new contribution at tree-level is induced by the charged Higgs through the interactions
where tan β is the ratio of the two vacuum expectation values of each Higgs doublet respectively. Since the interactions in the Higgs sector are scalar interactions, only the mixing terms (P ± P ∓ ) remain after doing Fierz transformation. Consequently this fact leads to a cancellation of tan β in the set of couplings as follows
Although the mixing terms are more suppressed than the square terms (P 2 ± ) by a mass ratiom Υ /m 2 W , they are independent of the parameter tan β. This advantage should be explored further to make a precise measurement of the charged Higgs mass in future experiments. Then in the MSSM+R p , δ j reads
It seems that this additional contribution behaves like an expansion of 1 4m
that is going to be smaller as the charged Higgs mass becomes larger in the region outside the threshold as shown in Fig. 2 . Furthermore, the coefficients contain small corrections from the right-handed coupling with an order ∼ O(m 2 c ). On the other hand, for the MSSM−R p [16] , in addition to above interactions there are new contributions due to sfermions (squarks and sleptons) mediated diagrams through the interactions
that are obtained by expanding the additional term in the superpotential without R−parity. Remark that we use a notation f ± = P ± f for the right-(left-)handed particles. These sfermion contribution give
where i denotes the generation, with i = 1, 2 (1, 2, 3) ford i (l i ). However, for simplicity and since including both of them is quite trivial, let us consider only one (the lightest) sfermion, i.e. one down-type squark or one slepton. Replacing the ratio of couplings inside the brackets as rf ≡ λ * λ/(V * cb V tb ), one gets the sfermion contributions as
Numerical analysis
The numerical analysis is done by using the central values of the following parameters [9] ,
and putting N c = 3. Since we consider the X −boson mass is of the same order as the top mass, let us assume the decay-width to be fixed Γ X ∼ few Γ W SM for the whole region of its mass. Generally the decay-width must depend on the mass, but for the narrow region of masses under consideration, this approximation is good. Also as can be seen in Figs. 1 and 2 , the effect of varying the decay-width is significant only in the region near threshold (m X ≈ 110 ∼ 135(GeV)). First of all, we investigate the size of Re [F X /F W SM ] and |F X /F W SM | 2 by varying the X −boson mass and its decay-width as shown in Fig. 2 . Since the boson mass dependency enters only in these ratios, Fig. 2 is a universal feature for all X −boson contributions. The ratios are becoming smaller as m X becomes larger, except for the region near threshold where the values are several times larger. In the whole region, it seems that the magnitudes of both ratios are comparable. As a consequence of this fact, when the multiplication factor in terms involving these ratios, which contains the ratio of couplings, is small (< 1), the contributions are dominated by the term involving Re [F X /F W SM ] and could be constructive or destructive depend on the region of X −mass. This happens in the case of the MSSM+R p as shown in Fig. 3 .
Further, let us redefine the ratio of couplings as
as, in general, the set of couplings are not real numbers. In case of the MSSM−R p , using the bounds of λ ′ and λ ′′ given in [17] , one obtains 
Since the lightest sfermion should belong to the third generation (i = 3), let us use rf = 1.32, for the whole region of sfermion mass mentioned above. Remark that all bounds above are given for mf = 100(GeV) and they become weaker with increasing mf . The values for δ j in the MSSM+R p is depicted in Fig. 3 as a function of m t for various m H ± . For the MSSM−R p , the additional sfermion contributions, δf j , is given in Fig. 4 as a function of mf for various θf . Remark that the Higgs mass dependence in δf j is tiny because it enters as a small correction as written in Eq. (43).
Conclusion
A class of the top decay, t → c Υ, is studied in detail with taking into account the color-singlet and color-octet matrix elements. Using given values of the parameters, within the SM the branching ratio is found to be
Here we have ignored the slight discrepancies between Eq. (31) and (32) (< 0.5%), and also between different a j that is always appearing in the terms suppressed by a factor ofm cmΥ . The first and second errors in the first and second lines reflect the systematic uncertainties in m t and |V cb |, whereas the last error in the second line reflects the statistical error in the decay constant f 18), are negligible. Also note that Υ production may get a large portion, about 30%, from the feeddown of its higher excited states. If the experiments do not separate these different sources, the present branching ratio should be enhanced with same percentage. As mentioned before, this rate is smaller by two order of magnitude than the previous prediction [7] that used a rough order approximation for the decay constant f 1 Υ . It is also clear that, although the color-octet contribution could not enhance the rate more than an order of magnitude, it could not be omitted since the size is comparable with the color-singlet one. Also, the rate is, even smaller than predicted in the previous literatures, still much larger than the class of rare top decays as claimed [7, 8] .
The existence of the additional bosons in some models discussed in section 3 should contribute significantly in the branching ratio as shown in Figs. 3 and 4 . According to Eqs. (35), (39) and (43), the branching ratio would be changed by a factor of (1 + δ j ) with
using the allowed maximum values of the couplings given in the previous section, and typical boson masses used in the figures. Since such future experiments as LHC are expected to provide 10 6 ∼ 10 8 events of the top quark per-year, it is clear that, even within the SM, the present decay is already near the border of the reachable level of experiments. Therefore the decay should be a good probe in the next round of experiments to search some, even relatively small, contributions in new physics with less theoretical uncertainties. However, more precise values of f 8 Υ , m t and |V cb | are still required to distinguish well the new physics contributions, especially for δ H ± j that may unfortunately be comparable with the present errors. In principle, these values should be improved by the experiments in the future. Moreover, in the next stage of future experiments the decay may have a chance to establish a precise measurement of the charged Higgs mass without the contamination of tan β as shown explicitely in Eqs. (38) and (39). Lastly, in contrast with the analogue (non-leptonic) B−meson decays that are mostly confronted with theoretical difficulties, in the top decays the difficulties stem from the experimental side that is still far from carrying out some precise measurements. 
